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An Unassisted Super-Resolution Satellite Navigation
Receiver Using GPS L5 Signals
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Abstract—Many existing works use external devices or infor-
mation, e.g., real-world maps, reference receivers, dead reckoning
(DR) sensors, and multi-antennas, to compensate for signal dy-
namics and mitigate multipath interference in global navigation
satellite system (GNSS) signal reception. This paper proposes
a standalone GPS L5 receiver using the fractional Fourier
transform (FRFT) in an over-one-second super-long coherent
integration (S-LCI) correlating process. Then, a code phase DR
method is presented in the baseband processing by leveraging the
super-resolution (SR) average Doppler rate and instantaneous
Doppler frequency from the S-LCI-based FRFT to enhance the
code discriminating process. A software-defined radio (SDR) pro-
totype of the unassisted super-resolution receiver (U-SRR) based
on the S-LCI, FRFT, and code phase DR is developed where the
pilot-channel L5 signal serves for positioning. The transmitting
time splicing comes from the respective frame synchronization
and code phase tracking in the data and pilot channels. Real-
world experiments verify the proposed U-SRR in an extremely
dense-urban area. Compared to the legacy L1 C/A signals from
the u-blox F9P receiver, the code-based positioning precision is
increased by 86.8% with 100% measurement availability.

Index Terms—GPS L5 pilot channel, code phase dead reckon-
ing (DR), super-resolution signal processing, super-long coherent
integration (S-LCI), fractional Fourier transform (FRFT), cross-
ambiguity function (CAF), multipath mitigation

I. Introduction

H IGH-PRECISION positioning using Global Navigation
Satellite System (GNSS) receivers in urban areas is of

utmost importance. The GNSS receiver has an unparalleled
capability of providing users with accurate global absolute po-
sitioning solutions. However, The baseband of GNSS receivers
faces significant challenges when operating in urban environ-
ments, which can result in interruptions to the continuity and
quality of the measurements obtained. That means the GNSS
positioning results will be intimately affected. For example, the
severe multipath and non-line-of-sight (NLOS) interference,
as well as a signal interruption and power attenuation, can
significantly impede the ability of the baseband processing of
GNSS receivers to estimate line-of-sight (LOS) signals [1]–
[3].

Multipath signals can distort correlation gain distribution
varying with code offset, impacting GNSS positioning accu-
racy. The prior art utilizing multi-correlators resisting multi-
path interference in code phase estimation can perform without
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external devices or information [4]–[6]. Despite their overall
effectiveness, current methods have limitations in improving
the navigation performance of GNSS receivers in urban en-
vironments. To further enhance the navigation capabilities of
GNSS receivers, numerous approaches have been developed
that utilize additional data sources beyond the receiver itself.

The vision correlator elevates a conventional multipath mit-
igation technique (MMT) [7], and it has been verified with live
data in a multipath environment [8]. However this technique
necessitates the formation of a reference function shape de-
rived from either a long-term real-world experiment or a high-
quality simulator. Besides, multi-antenna arrays offer strong
multipath mitigation capabilities in difficult environments but
at the cost of increased hardware expenses [9]–[11]. Moreover,
artificial intelligence is also being used to categorize GNSS
baseband output features into LOS/Multipath/NLOS signals,
thereby enhancing positioning accuracy in urban areas. [12].
However, This approach demands using a simulator to generate
GNSS signals, followed by integrating real-world maps and
three-dimension (3D) building models for labeling and training
purpose.

Another work that models the NLOS path of the baseband
signal, i.e., the cross-ambiguity function (CAF) [13], uses
the Google Map [14], [15]. This research explores the super-
long coherent integration (S-LCI) for separating the multipath
signals with an ultra-stable oscillator with the aid of Doppler
rate estimation from a reference receiver. Furthermore, the
ultra-tightly coupling technique, where the inertial sensor
deeply aids the GNSS baseband, is also prevalently discussed
to achieve high sensitivity in urban and indoor navigation [16].
It is apparent that the techniques above require supplementary
external devices and information.

In a multipath channel with both LOS and NLOS signals,
long coherent integration, offering higher frequency resolution
than short coherent integration, better separates the desired
signal (i.e., the LOS signal) from the interference (i.e., the
NLOS signals) [15]. Besides, low-cost GNSS devices with
a one-second S-LCI implementation have also demonstrated
accurate positioning performance in urban canyons [17], [18].
Nevertheless, some issues are occurring to the existing works
as:

1) Most related research requires an aided-GNSS procedure
or a maximum power estimator to exclude the bit tran-
sition that reduce the correlator output performance in
an on-the-fly system [15], [19], [20];

2) Increasing the coherent integration time has the poten-
tial to improve the tracking performance for multipath
mitigation, but present GNSS receivers applicable to the
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real world are seldom based on an S-LCI interval over
1 second [2], [17], [18];

3) Existing S-LCI procedures in GNSS overly depend on
the subspace of signal frequency, causing it too chal-
lenging to separate the LOS and NLOS signals, e.g.,
demanding an over-100-s integration time [14], [15];

4) How the baseband GNSS CAF formed with the S-
LCI approach can suppress the random noise of the
navigation results is not adequately discussed.

5) In the S-LCI implementation, the correlation power
affected by higher-order dynamics (i.e., the Doppler rate)
still needs investigating though accumulated phase error
and code grid migration have been discussed in a recent
research work [19].

We have covered parts of the research gaps in our previous
research. For example, a previous reference proves that the
Doppler rate intimately affects the CAF signal power in the
highly extended coherent integration procedure [15]. In that
case, we applied the fractional Fourier transform (FRFT) to
the GNSS baseband such that the available subspaces in terms
of the S-LCI CAF estimation are expanded as both signal
frequency shift and rate domains instead of the frequency shift
only [21]–[24]. However, some research work remains to be
completed:

1) How the FRFT copes with random noise in positioning
has not been addressed though we applied an absolute-
position-aided (APA) method in GNSS code tracking to
reduce the biased error in positioning [25], [26].

2) How a coherent integration technique with FRFT using
more than one second time can surpass the one-second
coherent integration in GNSS positioning needs to ex-
cavate;

3) The present works demonstrated that the FRFT could
enhance the GNSS signal acquisition [22], tracking [27],
and extracted measurements [24] when the Doppler rate
exists. However, the GNSS positioning performance with
the FRFT-based processing is seldom evaluated;

4) Detailed theoretical analysis of the GNSS baseband pro-
cessing based on the FRFT was provided [23], [24]. Still,
there is a lack of practical experiments in a challenging
environment to show its feasibility in the real world.

Modernized GPS L5 signals are transmitted in both data and
pilot channels which synchronize with the oscillator [28]. The
pilot channel includes no navigation data, so it is available for a
long correlating process without external aiding. This research
is an upgraded version of our previous works based on these
introductions. We propose a super-resolution (SR) satellite
navigation receiver using GPS L5 signals. The navigation
system is standalone and unassisted with external hardware
devices or data sources such as inertial sensors, reference
receivers, real-world maps, pre-processing experiments, or
multi-antennas. Then, the main contributions of this paper are
summarized as follows:

1) A code phase dead reckoning (DR) approach regarding
the GNSS baseband processing is proposed leveraging
the SR average Doppler rate and instantaneous Doppler
frequency, resisting the code delay error caused by tra-

ditional code discriminators in a severe multipath/NLOS
environment;

2) An unassisted tracking architecture for GPS L5 signals
based on the over-one-second S-LCI technique is pro-
posed on a software-defined radio (SDR) receiver;

3) The FRFT is integrated into the S-LCI GNSS baseband
processing, and we evaluate not only the baseband out-
puts (correlations, code phase, and Doppler frequency
errors) but also the positioning results;

4) The intermediate frequency (IF) GPS L5 signals col-
lected in a real-world dense-urban area in Hong Kong
are processed with the proposed SDR prototype to verify
its application feasibility and prospect in the commercial
market.

Finally, we compare the proposed and conventional GNSS
receivers in terms of the code signal baseband processing in
Table I where FRFD and NCO correspond to fractional Fourier
domain and numerically controlled oscillator, respectively, and
new signal processing algorithms proposed in this work are
highlighted with bold fonts.

TABLE I
Comparison of the old and proposed GNSS code signal baseband

processing.

Baseband Processing Block Old [29] Proposed

Correlator Old Fourier/
frequency domain FRFD

Coherent integration ≤ 20𝑚𝑠
≥ 1𝑠 (1s, 5s, and
10s were tested)

Code phase discriminator Early-late envelope/
power, etc. Not used

Code loop filter 2nd-order Not used (open loop)
Code NCO frequency

computation Average Instantaneous (via
DR)

Pseudorange computation
Instantaneous (via
NCO with absolute
code phase update)

Instantaneous (via
NCO without absolute

code phase update/
with pure DR)

The paper is organized as follows. Section II explores the
generic architecture of the proposed unassisted SR receiver (U-
SRR); Section III elaborates on the system design algorithms
for the baseband signal processing, measurements extraction,
and navigation algorithms; how to compute the Doppler and
time-of-arrival (TOA) references is included in Section IV; the
approach to remove the initial code phase error is provided in
Section V; Section VI describes the real-world experiments
and discusses the results; finally, Section VII concludes this
paper.

II. Architecture of the unassisted super-resolution
receiver using L5 signals

Fig. 1 illustrates the proposed SDR work process diagram
without external assistance. In this system, an acquisition
algorithm based on the 100-ms parallel code search (PCS)
is implemented on the pilot-channel L5 signal, i.e., L5Q, to
obtain the initial Doppler frequency and code phase once
the incoming L5 signals are transferred to the IF through a
GNSS frontend [30]. Then, these initial guesses are conveyed
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to the tracking block to initialize the proposed baseband signal
processing algorithm.

Fig. 1. Diagram of the proposed GNSS U-SRR using GPS L5 signals.

As shown in Fig. 2, the initialization adopts the conventional
tracking (CT) algorithms to estimate the code and carrier
phases in the SDR [31]. Then, the SDR synchronizes the bits
of the Neuman- Hoffman (NH) sequence based on a histogram
approach [32]. The baseband activates the proposed SR signal
processing after the initialization. Then, it produces super-
resolution measurements (SRMs), i.e., Doppler frequencies
and pseudoranges.

Fig. 2. Architecture of the conventional tracking process.

It is worth mentioning that the pilot channel of L5 signals
does not transmit the bit streams for navigation purposes,
but the other data channel, i.e., L5I, does not have this
limitation. Thus, the two types of L5 channels collaborate in
this system where the data channel extracts the ephemeris from
the data bits using the essential CT [32], [33], while the pilot

counterpart offers the ranging measurements to achieve super-
resolution positioning (SRP).

The baseband signal processing design plays another vital
role in the proposed U-SRR, which involves the main contribu-
tions of this work. So, the proposed baseband processing using
the L5Q signals is provided in Fig. 3, where the architecture
upgrades the baseband processing from the following aspects:

First, the S-LCI interval (not less than 1 s) is used to form
the baseband correlation;

Second, the S-LCI correlation is transferred to the fractional
Fourier domain (FRFD) to compensate for the power loss
caused by the Doppler-rate-induced carrier phase error such
that an SR Doppler frequency can be estimated;

Last but not least, the traditional code discriminator (e.g.,
an early-late envelope/power discriminator) is omitted, and,
instead, the estimated SR Doppler frequency takes full charge
of the code numerically controlled oscillator (NCO) frequency
estimation (i.e., a code phase DR method);

In summary, this section introduces the generic architecture
of the proposed U-SRR system and will investigate detailed
system design algorithms subsequently.

III. System design

A. Super-resolution baseband processing for the L5Q signal

The radio frequency (RF) GPS L5 signal from a single
satellite is expressed as [28], [33]

𝑟𝐼𝐹 (𝑡)
=
√
𝑃𝑐𝐼5 (𝑡 − 𝜏) 𝑏𝐼5 (𝑡 − 𝜏) 𝐷 (𝑡 − 𝜏) cos (𝜙𝐼𝐹 (𝑡))

+
√
𝑃𝑐𝑄5 (𝑡 − 𝜏) 𝑏𝑄5 (𝑡 − 𝜏) sin (𝜙𝐼𝐹 (𝑡)) + 𝑛𝐼𝐹 (𝑡)

(1)

where 𝑟𝐼𝐹 (𝑡) is the incoming IF signal; 𝑃 is the received signal
power combined with the L5I and L5Q in Watts; 𝑐𝐼5 (𝑡) and
𝑐𝑄5 (𝑡) are the waveforms of the spreading codes of L5I and
L5Q, respectively; 𝐷 (𝑡) is the waveform of the data bit stream
for L5I while the L5Q is free of data bit modulation; 𝑏𝐼5 (𝑡)
is the secondary code, i.e., the NH code, for the L5I, and it
is deterministic and has 10 bits with a periodic 10-ms length;
analogously, 𝑏𝑄5 (𝑡) is the periodic NH code waveform for the
L5Q, and it has 20 bits within a 20-ms period; 𝜏 is the time
delay over the signal transmission path from the satellite to the
user’s antenna; 𝜙𝐼𝐹 (𝑡) is the received IF carrier phase varied
with the time variable; 𝑛𝐼𝐹 (𝑡) denotes the complex Gaussian
white noise, and its power spectral density is 𝑁0 W/Hz.

1) L5Q baseband signal model in the FRFD: Once the
bits of the L5Q channel are synchronized, the NH sequence
is determined for the local replicas. Then, the locally replicated
signal of L5Q can be expressed as

𝑟𝐼𝐹,𝑄5 (𝑡) = 𝑐𝑄5 (𝑡 − 𝜏) 𝑏𝑄5 (𝑡 − 𝜏) 𝑒 𝑗2𝜋( 𝑓𝐼+ 𝑓 )𝑡+ 𝑗 �̂� (2)

where 𝜏, 𝑓 , and 𝜙 are the replicated code phase delay, Doppler
frequency, and carrier phase, respectively. Then, dumping and
integrating the incoming IF signal with (2) gives the discrete
baseband signal model as [23]

�̃�𝑄5 (Δ𝜏,Δ 𝑓 ) [𝑛𝑆] = 𝑎𝑅𝑐𝑐 (Δ𝜏) sinc
(
Δ 𝑓 𝑇𝑆 + `

2 𝑛𝑆𝑇
2
𝑆

)
×exp

(
𝑗Δ𝜙 + 𝑗2𝜋Δ 𝑓 𝑛𝑆𝑇𝑆 + 𝑗 `𝑛2

𝑆
𝑇2
𝑆

)
+ 𝑛𝑄5,𝑛𝑆

(3)
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Fig. 3. Architecture of the proposed GPS L5Q baseband signal processing using the S-LCI, FRFT, and SR Doppler aiding algorithms. The main contributions
corresponding to improving the GNSS baseband tracking technique are highlighted in red.

where 𝛥𝜏 = 𝜏 − 𝜏, 𝛥 𝑓 = 𝑓 − 𝑓 , Δ𝜙 = 𝜙 − 𝜙; the subscript
𝑛𝑆 denotes the index of coherent samples within a single S-
LCI interval; 𝛥𝜏, 𝛥 𝑓 , 𝛥𝜙 are the code delay error, Doppler
frequency error, and the carrier phase error, respectively; `

denotes the Doppler rate of the received signal; 𝑅𝑐𝑐 (·) is
the cross-correlation function of the spreading codes; 𝑛𝑄5,𝑛𝑆
represents the complex random noise for the baseband signals.
𝑎 is the amplitude of the baseband signal

√
𝑃/2. Regardless of

noise, 𝜒𝑄5 (𝛥𝜏, 𝛥 𝑓 ) [𝑛𝑆] is the function relative to the code and
frequency offsets; it is called the CAF and represents a discrete
correlating sample in the slow-time domain.

Next, omitting the variable denotations Δ𝜏 and Δ 𝑓 in the
CAF signal model, taking digital FRFT for (3) gives the model
of the S-LCI correlation in the FRFD as (4) [34], [35] for
𝑚𝑢

2
√
𝑁𝑆

= −𝑀𝑢−1
2 ,· · ·,𝑀𝑢−1

2 , 𝑚𝑝= −𝑀𝑝−1
2 ,· · ·,𝑀𝑝−1

2 , 𝑚𝑢, 𝑚𝑝 ∈
Z, where𝑚𝑢 and𝑚𝑝 represent the indexes of the match filters for
frequency shift and FRFT order (related to Doppler rate) in the
FRFD, respectively; 𝛥𝑝 is the discrete search step for the FRFT
order; 𝑀𝑢, and 𝑀𝑝 are the numbers of match filters in the FRFD
(matching frequency shift and frequency rate, respectively); 𝑁𝑆

is the number of 𝜒𝑄5 (𝛥𝜏, 𝛥 𝑓 ) [𝑛𝑆] over an S-LCI interval.
2) Estimation of the super-resolution Doppler frequency

and Doppler rate: When the FRFT is applied to the original
baseband CAF signals, it jointly forms a matching filter process
for the unknown Doppler shift and rate. For

N𝑚𝑐
= { 𝑥 | − 1/𝑑𝑐 < 𝑥 < 1/𝑑𝑐, 𝑥 ∈ Z}

N𝑚𝑢
=

{
𝑥 | − 𝑁𝑆

√
𝑁𝑆 < 𝑥 < 𝑁𝑆

√
𝑁𝑆 , 𝑥 ∈ Z

}
N𝑚𝑝

= { 𝑥 | − 1/Δ𝑝 < 𝑥 < 1/Δ𝑝, 𝑥 ∈ Z}

where 𝑑𝑐 is the spacing of two adjacent code match filters in
chips, and 𝛥𝑝 is the FRFT order step; then, the decision-making

for these three parameters is expressed as[
�̂�𝑐, �̂�𝑢, �̂�𝑝

]
= argmax

𝑚𝑐∈N𝑚𝑐

𝑚𝑢∈N𝑚𝑢
𝑚𝑝∈N𝑚𝑝

{��𝐷𝐹 𝑝
{
�̃�𝑄5 [𝑛𝑆 , 𝑚𝑐]

}��}
(5)

with

�̃�𝑄5 [𝑛𝑆 , 𝑚𝑐] ≜ �̃�𝑄5

(
𝜏𝑛𝑆 − (𝜏𝑛𝑆 ,0 +

𝑚𝑐𝑑𝑐

2 𝑓𝑐
),Δ 𝑓

)
[𝑛𝑆]

where 𝑚𝑐 is the index of local code replica sequence related to
code chip offsets; �̂�𝑐, �̂�𝑢, and �̂�𝑝 with the operator of ˆ(·) denote
the respective estimates based on the decision-making process
above of their arguments; 𝐷𝐹 𝑝 {·} is the digital operator of
FRFT for an FRFT order 𝑝; 𝜏𝑛𝑆 ,0 is the initial guess of the code
phase delay, and it can be rewritten as 𝜏𝑛𝑆 ,0≜𝜏𝑛𝐶 ,𝑁𝑆−1 if the
S-LCI processing index is contained; 𝜏𝑛𝑆 represents the actual
absolute code delay at the beginning of the 𝑛𝑆th processing
interval; 𝑓𝑐 is the code rate; �̃�𝑄5 [𝑛𝑆 , 𝑚𝑐] is the measured noisy
baseband CAF signal.

Then, the closed-form models of the matched frequency shift
error and rate based on the digital FRFT are given by

Δ 𝑓𝑛𝐶
[
�̂�′

𝑢, �̂�𝑝

]
=

�̂�′
𝑢

𝑁𝑆𝑇𝑆sin
(
𝛼

[
�̂�𝑝

] ) (6)

`𝑛𝐶
[
�̂�𝑝

]
= −

cot
(
𝛼

[
�̂�𝑝

] )
𝑁𝑆𝑇

2
𝑆

(7)

where �̂�′
𝑢 ≜ �̂�𝑢/2/

√
𝑁𝑆; 𝛼

[
�̂�𝑝

]
= 𝜋

2
(
1+�̂�𝑝𝛥𝑝

)
, and it is the

matched rotation angle; the subscript 𝑛𝐶 denotes the epoch index
for the S-LCI correlations of the FRFD.
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�̃�+
𝑏

[
𝑚𝑐 , 𝑚𝑢, 𝑚𝑝

]
=

√︃
1 − 𝑗cot

(
𝛼

[
𝑚𝑝

] )
2
√
𝑁𝑆

𝑁𝑆∑︁
𝑛𝑆=−𝑁𝑆

�̃�𝑄5

[
𝑛𝑆

2
√
𝑁𝑆

, 𝑚𝑐

]
𝑒

(
𝑗 𝜋

cot𝛼[𝑚𝑝 ]𝑚2
𝑢

4𝑁𝑆
− 𝑗 𝜋

csc𝛼[𝑚𝑝 ]𝑚𝑢𝑛𝑆
2𝑁𝑆

+ 𝑗 𝜋
cot𝛼[𝑚𝑝 ]𝑛2

𝑆
4𝑁𝑆

)
(4)

After that, a frequency discriminator is used to reduce the
estimated frequency error and optimize the frequency error
estimation further, and it is computed as [36]

Δ 𝑓𝑑𝑖𝑠𝑐,𝑛𝐶

=
(Δ 𝑓𝑛𝐶 [�̂�′

𝑢−1,�̂�𝑝]𝑃𝑙+Δ 𝑓𝑛𝐶 [�̂�′
𝑢 ,�̂�𝑝]𝑃𝑛+Δ 𝑓𝑛𝐶 [�̂�′

𝑢+1,�̂�𝑝]𝑃ℎ)
𝑃𝑙+𝑃𝑛+𝑃ℎ

(8)
with

𝑃𝑙 =
���̃�+

𝑏

[
�̂�′

𝑢 − 1, �̂�𝑝

] ��2, 𝑃𝑛 =
���̃�+

𝑏

[
�̂�′

𝑢, �̂�𝑝

] ��2,
𝑃ℎ =

���̃�+
𝑏

[
�̂�′

𝑢 + 1, �̂�𝑝

] ��2
Next, the matched code phase offset is modeled as

Δ𝜏𝑛𝑠 [�̂�𝑐] ≜ 𝜏𝑛𝑆 −
(
𝜏𝑛𝑆 ,0 +

�̂�𝑐𝑑𝑐
2 𝑓 𝑐

)
(9)

Finally, the carrier phase is discriminated by

Δ𝜙𝑑𝑖𝑠𝑐,𝑛𝐶 = atan2
[
ℑ( �̃�+

𝑏 [�̂�𝑐 ,�̂�𝑢 ,�̂�𝑝])
ℜ( �̃�+

𝑏 [�̂�𝑐 ,�̂�𝑢 ,�̂�𝑝])

]
−∠

[√︃
1− 𝑗 cot

(
𝛼

[
�̂�𝑝

] )
𝑒
𝑗 𝜋

Δ 𝑓 2
𝑛𝐶

(Δ 𝑓0 , ˆ̀0 ) cot(𝛼[�̂�𝑝 ] )
𝑁𝑆

] (10)

where Δ 𝑓0 and ˆ̀0 represent the initial frequency offset and
Doppler rate estimates, respectively.

3) Computation of carrier and code NCO frequencies: The
carrier NCO frequency is computed as

𝑓𝜙,𝑁𝐶𝑂,𝑛𝐶= 𝑓𝐼+ 𝑓𝑛𝐶 (11)

with

𝑓𝑛𝐶 = 𝑓𝑛𝐶−1 + `𝑛𝐶
[
�̂�𝑝

]
𝑇𝑡

+Δ 𝑓𝑛𝐶
[
�̂�′

𝑢, �̂�𝑝

]
+ Δ 𝑓𝑑𝑖𝑠𝑐,𝑛𝐶+Δ𝜙𝑑𝑖𝑠𝑐,𝑛𝐶

(12)

where 𝑓𝐼 is the IF,𝑇𝑡 is the S-LCI interval, 𝑓𝑛𝐶 and 𝑓𝑛𝐶−1 are the
estimated Doppler frequency in the current and previous S-LCI
epochs, respectively.

On the other hand, the code NCO frequency is solely
assisted by the carrier NCO frequency to alleviate the multipath
interference on the code phase estimates. So, the code NCO
frequency is given by

𝑓𝜏,𝑁𝐶𝑂,𝑛𝐶 = 𝑓𝑐 + 𝑓𝑐Δ𝜏𝑛𝐶 − 𝑓𝑐
𝑓𝑟
𝑓𝑛𝐶 (13)

where Δ𝜏𝑛𝐶 is the matched code delay offset in the previous
epoch; 𝑓𝑟 is the RF.

It is worth mentioning that the NCO frequencies in this work
are estimated as the average values for the next S-LCI epoch.

B. Generation of the super-resolution measurements

This part investigates the method to build the SRM, i.e., the
Doppler frequency and pseudo-range measurements, from the
proposed U-SRR.

1) Doppler frequency : The Doppler frequency measurement
in the proposed U-SRR is the average value over the current S-
LCI interval. So, it is obtained from

𝑓𝑑𝑜𝑝,𝑛𝐶 = 𝑓𝑛𝐶

Then, the matched Doppler rate can estimate the instantaneous
Doppler in the FRFD and the current Doppler measurement
value. Hence, the instantaneous Doppler at the beginning of the
𝑛𝐶 th epoch is computed by

𝑓𝑑𝑜𝑝,𝑛𝐶 ,0 = 𝑓𝑑𝑜𝑝,𝑛𝐶 − 1
2
`𝑛𝐶−1

[
�̂�𝑝

]
𝑇𝑡

Finally, both the Doppler measurement and the instantaneous
Doppler estimates have been obtained in this work.

2) Pseudorange: GNSS receivers compute the user’s posi-
tion and velocity with the pseudorange and Doppler frequency
measurements.

At first, for 𝑛𝑆 = 0, · · · , 𝑁𝑆 − 1, 𝑛𝑆 ∈ Z, the generation of
pseudorange measurements is computed through

�̃�𝑖𝑛𝑆 = 𝑐

(
𝑡𝑖𝑛𝑆 − 𝜏𝑖𝑟𝑒𝑚,𝑛𝑆

−
𝑓 𝑖
𝜏,𝑁𝐶𝑂,𝑛𝐶

𝑓𝑐
𝑛𝑆𝑇𝑆

)
(14)

where 𝑛𝑆 is the index of the CAF samples (3) since the S-LCI
epoch 𝑛𝐶 + 1; the superscript 𝑖 is the satellite number; 𝜏𝑖𝑟𝑒𝑚,𝑛𝑆

is the remained code delay in seconds at the previous epoch;
𝑡𝑖𝑛𝑆 is the local time count for the TOA of satellite 𝑖 with an
oven-controlled crystal oscillator (OCXO) in this work.

The code NCO frequency value is unchangeable over the
period between epoch 𝑛𝐶 +1 and 𝑛𝐶 +2; the same case happens
to the carrier frequency as well.

C. Computation of the positioning and velocity solutions
The architecture of the U-SRR is investigated in this work.

However, we mainly focus on the baseband processing design
other than the navigator of the receiver. Nevertheless, for the
completeness of the context, this part briefly discusses the
navigation algorithms.

For example, the user’s velocity will be calculated from the
SR Doppler set

{
𝑓 1
𝑑𝑜𝑝,𝑛𝐶

, . . . , 𝑓 𝐿
𝑑𝑜𝑝,𝑛𝐶

}
based on the standard

least-square (LS) method where the superscript 𝐿 denotes the
used satellite number in navigation. While the weighted LS
algorithm estimates the user’s positioning solution from the
SR pseudorange set

{
�̃�1
𝑛𝑆
, . . . , �̃�𝐿𝑛𝑆

}
and it is a single-point

positioning (SPP) approach. The two methods can refer to an
open-source package program, RTKLIB [37].

IV. Computation of Doppler and TOA References
TOA and Doppler frequency references will evaluate the

accuracies of code phase and frequency errors. In that case, this
section will introduce how to compute the reference values of
the TOA and Doppler with the true user’s position and velocity.
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A. Doppler reference computation
The Doppler reference model is given by

𝑓 𝑖
𝑑𝑜𝑝,𝑘

=
𝑓𝑟
𝑐

[
v𝑘 − v𝑖

𝑘(
𝛿¤𝑡𝑘 − 𝛿¤𝑡𝑖

𝑘

)
𝑐

]𝑇
·
[
e𝑖
𝑘
, 1

]
(15)

with

e𝑖𝑘 =

[
−

(
𝑥𝑖
𝑘
− 𝑥𝑘

)
𝑟 𝑖
𝑘

,−
(
𝑦𝑖
𝑘
− 𝑦𝑘

)
𝑟 𝑖
𝑘

,−
(
𝑧𝑖
𝑘
− 𝑧𝑘

)
𝑟 𝑖
𝑘

]
𝑟 𝑖𝑘 = ∥p𝑘−p𝑖

𝑘 ∥

p𝑘≜[𝑥𝑘 , 𝑦𝑘 , 𝑧𝑘]𝑇 , p𝑖
𝑘≜

[
𝑥𝑖𝑘 , 𝑦

𝑖
𝑘 , 𝑧

𝑖
𝑘

]𝑇
where 𝑐 is the speed of light and subscript 𝑘 denotes the
navigation computation epoch index; (·) and ∥ · ∥ denotes the
operators of inner product and Euclidean distance computation,
respectively; v𝑘 and p𝑘 are the user’s true velocity and position
in the Earth-centered, Earth-fixed (ECEF) coordinate frame;
v𝑖
𝑘
, p𝑖

𝑘
and 𝛿¤𝑡𝑖

𝑘
are the satellite velocity, position and clock drift,

respectively, computed from the broadcast ephemeris; e𝑖
𝑘

is the
direction cosine vector reference; 𝑟 𝑖

𝑘
is the geometry distance

reference between the satellite 𝑖 and the receiver’s antenna;
finally, 𝛿¤𝑡𝑘 is the user’s clock drift reference, and it is fitted from
the velocity results of the proposed U-SRR in a post-processing
way which is modeled as

𝛿¤𝑡𝑘 = 1
𝑁𝑁𝑎𝑣

©«
𝑁𝑁𝑎𝑣−1∑︁

𝑗=0
𝛿¤𝑡 𝑗

ª®¬ (16)

where 𝛿¤𝑡𝑘 is assumed to be not varied with time variable in this
work, so it satisfies 𝛿¤𝑡𝑘 ≜ 𝛿¤𝑡; 𝑁𝑁𝑎𝑣 is the navigation solution
number over the total processing time, respectively; 𝛿 ¤̂𝑡 𝑗 is the
estimated instantaneous clock drift at each short-time processing
epoch.

B. TOA reference computation
The TOA reference will be obtained based on the computed

Doppler reference. At first, the pseudorange reference is mod-
eled as

𝜌𝑖𝑘 = 𝑟 𝑖𝑘+𝑐𝛿𝑡𝑘+𝐴
𝑖
𝑘 (17)

where 𝐴𝑖
𝑘

is the atmospheric delay error reference which is
obtained from the broadcast ephemeris where the ionospheric
error computes from the Klobuchar model and the tropospheric
one is from the Saastamoninen model; 𝛿𝑡𝑘 is the clock bias
reference in seconds, and it is fitted from the positioning results
of the proposed U-SRR and the clock drift reference. So, it is
expressed as

𝑐𝛿𝑡𝑘 = 𝑐𝛿𝑡0 + 𝑐𝛿¤𝑡𝑘Δ𝑡 (18)

where 𝑐𝛿𝑡0 is the initially estimated clock bias from the proposed
U-SRR; Δ𝑡 is the processing interval between two adjacent
navigation solutions. We use a high-quality OCXO embedded in
the Labsat 3 Wideband to collect GPS IF data, so it is reasonable
to fit the clock bias with a linear model. It is also worthwhile
to mention that the geometry distance reference is a function of
the local clock, that is

𝑟 𝑖𝑘 ≜ 𝑟 𝑖𝑘
(
𝑡𝑘

)
≜ ∥p𝑘−p𝑖

𝑘

(
𝑡𝑘

)
∥

where 𝑡𝑘 is the local clock time, p𝑘 represents the true user’s
position here.

At last, the reference, which represents the truth TOA about
satellite 𝑖 in seconds, is obtained from

𝑇𝑂𝐴𝑖
𝑘 =

(
𝜌𝑖
𝑘
− 𝑐𝛿𝑡𝑘

)
𝑐

(19)

V. Removal of initial code phase errors

As discussed earlier, the proposed unassisted SRP funda-
mentally leverages a code phase DR manner based on the
SR average Doppler frequency rate and instantaneous Doppler
frequency shift. In other words, the initial or absolute code phase
(corresponding to the initial positioning solution) at the start-off
of the DR processing requires an initialization procedure like
all the other DR sensors.

The specific objective of the code phase initialization is to
determine a desirable initial code phase that accurately reflects
the behavior of the LOS signal. It is imperative to underscore
that this type of research focus pertains to an extensive domain of
knowledge within the realm of the research interests, including
but not limited to the advanced code discriminating methods
[4]–[6] or ray tracing based 3D city model [14], [38]–[40]. Any
further discussions related to this topic are beyond the scope
of this study. Henceforth, the implementation details for the
proposed code phase DR initialization will not be expounded
anymore.

Notwithstanding, the initial code phase bias must be ad-
dressed for a sufficiently intuitive validation of the proposed
algorithm. So, for the completeness of the context, we will have
a quick introduction of the hardware-in-the-loop simulation to
remove the initial biased error with the true position.

The original absolute code phase, which is assumed to be
biased due to the NLOS/multipath interference in challenging
environments, is given by 𝜏𝑖

𝑟𝑒𝑚,0 earlier. Then, we have an
accurate pseudorange prediction 𝜌𝑖0 simulated through the true
position coordinates, the Klobuchar model, and the Saastamoni-
nen model, as computed by (17). So, the code delay error in
seconds can be modeled as

Δ𝜏𝑖0 = 𝑐−1 (
�̃�𝑖0 − 𝜌𝑖0

)
where �̃�𝑖0 is the measured pseudorange based on the proposed
algorithm by (14), that is, �̃�𝑖0 ≜ �̃�𝑖0

(
𝜏𝑖
𝑟𝑒𝑚,0

)
; �̃�𝑖0 (·) can be defined

as a function of its argument, namely 𝜏𝑖
𝑟𝑒𝑚,0; the subscript 0

corresponds to the local receiver time with respect to the first IF
sampling point at the first S-LCI interval leveraging the proposed
algorithm. So, the updated absolute code phase by the true-
position-based model is computed as

𝜏𝑖+𝑟𝑒𝑚,𝑛𝑆
= 𝜏𝑖𝑟𝑒𝑚,𝑛𝑆

+ Δ𝜏𝑖0 (20)

Finally, the updated pseudorange measurement by the true-
position-based model, i.e., the APA method, is given by

�̃�𝑖+𝑛𝑆 = 𝑐

(
𝑡𝑖𝑛𝑆 − 𝜏𝑖+𝑟𝑒𝑚,𝑛𝑆

−
𝑓 𝑖
𝜏,𝑁𝐶𝑂,𝑛𝐶

𝑓𝑐
𝑛𝑆𝑇𝑆

)
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Therefore, �̃�𝑖+𝑛𝑆 is the updated pseudorange with the ini-
tial/absolute code phase removed. The SR positioning results
based on the proposed U-SRR are assessed for comparative
analysis and validation with the updated pseudorange subse-
quently.

In addition, the authors’ recent publications provide a compre-
hensive exploration, evaluation, and discussion on this subject,
focusing on a more meticulous methodology for aiding the
tracking process of an on-the-fly GNSS receiver with the user’s
absolute position [25], [26].

VI. Real-world experiments and discussions

The GPS L5 IF data synchronized with a high-quality OCXO
are collected with the LabSat 3 Wideband in a static open-sky
and a dense-urban area. It is known that the GPS constellation
consists of the medium Earth orbit (MEO) satellites, and the
orbital period is approximately 12 hours. Therefore, we collected
the data for two days at an identical time to guarantee the same
geometry distribution of the constellation in the sky in the two
testing situations. The IF sampling rate is 58 MHz with complex
2-bit quantization in the used frontend. A u-blox F9P device
receives the GPS signals from the same antenna as the frontend
used. The real-world environment view and the skyplots for the
static test are illustrated in Fig. 4. The position of the user’s
antenna manually selected and confirmed in the Google Map
determines the ground truth in the dense-urban experimental
area, while the open-sky benchmark is from the mean value of
the u-blox F9P solutions.

(a) Environment view

(b) Open-sky sky plot (c) Dense-urban sky plot
Fig. 4. Static experimental environments and sky plots.

A. S-LCI correlation power
The traditional correlating process typically leverages the

subspace of frequency shift to estimate the unknown incoming
signal. The estimating processing is based on the old fast Fourier
transform (FFT) [14], [18], [19]. In contrast, the digital FRFT
[34] used in the proposed SDR simultaneously matches the
frequency shift and rate such that more abundant subspace
related to the incoming signal features elevates the correlation
estimation. The experimental results will verify this viewpoint.

The curves of correlation power in terms of the code error
and Doppler rate offset are plotted as shown in Fig. 5, and the
code error model satisfies

𝛿𝜏
(𝑃𝑅𝑁 )
𝑛𝐶 ≜ Δ𝜏

(𝑃𝑅𝑁 )
𝑛𝐶 ,0 [�̂�𝑐] − Δ𝜏

(𝑃𝑅𝑁 )
𝑛𝐶 (21)

where Δ𝜏𝑛𝐶 ,0 [�̂�𝑐] is the matched code phase offset through (5)
where the subscript (𝑛𝐶 , 0) means the initial slow-time epoch
over the 𝑛𝐶 th S-LCI interval; the superscript (𝑃𝑅𝑁) denotes
the PRN number; Δ𝜏 is its reference of which the model is

Δ𝜏
(𝑃𝑅𝑁 )
𝑛𝐶 ≜ 𝑇𝑂𝐴

(𝑃𝑅𝑁 )
𝑛𝐶 ,0 + 𝛿𝑡𝑛𝐶 ,0 − 𝜏

(𝑃𝑅𝑁 )
𝑛𝐶−1,𝑁𝑆−1 (22)

where 𝑇𝑂𝐴𝑛𝐶 ,0 and 𝛿𝑡𝑛𝐶 ,0 are the respective TOA and
clock bias error reference computed with (19) and (18), and
𝜏𝑛𝐶−1,𝑁𝑆−1 is the measured code phase delay at the beginning
of the current processing interval.

As shown in Fig. 5, the S-LCI correlation power in the FRFD
tested in the dense-urban area is larger than in the traditional FD.
Besides, increasing the S-LCI interval improves the correlation
power and reduces the code error simultaneously. Also, the
longer the integration is, the higher the resolution of the Doppler
rate estimation becomes.

(a) (b)

(c)
Fig. 5. Correlation power based on the proposed U-SRRs in the dense-urban
area. The start processing GPS time is 207214.58 s. “Old-corr-10s” corresponds
to a 10-s coherent integration process based on the old FFT.

The correlation power shape varying with the time in the open
sky is plotted compared to the one in the dense-urban area, as
shown in Fig. 6 and Fig. 7. The signals from the satellite SV23
and SV24 are taken to be an example where the U-SRR leverages
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a 10-s S-LCI interval. The two cases prove that the proposed U-
SRR algorithm still maintains the system reasonably estimating
the signals even if irregular noise exists in the dense-urban area.
For example, the correlation power does not fluctuate stably, and
the signal strength varies radically. In contrast, it will be difficult
for the traditional correlating process to reach this goal. After
that, we will investigate how the SR correlation power in the
dense-urban area affects the code phase and frequency errors
produced by the traditional discriminator.

(a) SV24 (b) SV23
Fig. 6. Open-sky correlation power distribution about the code offset𝛥�̂�𝑛𝑠 [�̂�𝑐 ]
and the time variable from SV24 and SV23.

(a) SV24 (b) SV23
Fig. 7. Dense-urban correlation power distribution about the code offset
𝛥�̂�𝑛𝑠 [�̂�𝑐 ] and the time variable from SV24 and SV23.

The color maps of the SR correlation power are illustrated in
Fig. 8. The results show that the traditional code phase estimates
are close to the reference in the open-sky test. However, the
estimated ones in the dense-urban case differ from the reference
dramatically, even if the correlating process takes advantage of
the S-LCI algorithm in this case.

(a) Open sky (b) Dense urban
Fig. 8. 2D color maps of the SR correlation power w.r.t. code offset and time
variables of SV24 from the open sky and dense-urban area, where the colorful,
red, and grey markers correspond to the traditional code phase offset estimates
(9), code phase offset reference (22) and their difference, respectively.

The CDF curves of the summed code errors from all the
visible satellites are shown in Fig. 9. The urban environment

causes much greater code errors than the open-sky ones in
the traditional code discriminating process. In other words, the
pseudorange measurement and positioning performances will
fiercely drop if the code discriminator is not upgraded, even
if the correlation makes use of the S-LCI approach. Under
this circumstance, we consider using a SR Doppler frequency
estimation to aid the code tracking to deal with this issue.

Fig. 9. CDF curves of the code errors summed from all the visible satellites
based on the traditional code discriminating algorithm.

Therefore, we assess the SR correlation power of the fre-
quency error. At first, the measured frequency offset is modeled
as

Δ 𝑓
(𝑃𝑅𝑁 )
𝑛𝐶 ≜ 𝑓

(𝑃𝑅𝑁 )
𝑛𝐶 − 𝑓

(𝑃𝑅𝑁 )
𝑛𝐶 (23)

where 𝑓𝑛𝐶 refers to (12) and 𝑓𝑛𝐶 denotes the true frequency
measurement. Then, the frequency offset model is

Δ 𝑓
(𝑃𝑅𝑁 )
𝑛𝐶 ≜ 𝑓

(𝑃𝑅𝑁 )
𝑑𝑜𝑝,𝑛𝐶

+ 𝑓𝑟𝛿¤𝑡 − 𝑓
(𝑃𝑅𝑁 )
𝑛𝐶−1 (24)

Finally, the Doppler frequency error is modeled as

𝛿 𝑓
(𝑃𝑅𝑁 )
𝑛𝐶 ≜ Δ 𝑓

(𝑃𝑅𝑁 )
𝑑𝑜𝑝,𝑛𝐶

− Δ 𝑓
(𝑃𝑅𝑁 )
𝑑𝑜𝑝,𝑛𝐶

(25)

where 𝑓
(𝑃𝑅𝑁 )
𝑛𝐶 , 𝑓

(𝑃𝑅𝑁 )
𝑑𝑜𝑝,𝑛𝐶

, and 𝛿¤𝑡 are given by (12), (15), and
(16), respectively. After that, it can be observed that the grey
frequency error curves in Fig. 10 have different patterns from the
ones of the code errors in Fig. 8. More specifically, in contrast
to the code error curves, the Doppler frequency errors in the
dense-urban area perform very close to the one in the open sky
as their CDF curves, given in Fig. 11, are similar.

These experimental results prove that the proposed U-SRR
elevates the Doppler estimation performance in a signal-difficult
situation, even as accurately as of the one in the open sky.
Therefore, it is convincing to aid the code phase estimation with
the SR Doppler frequency.

Applying the SR Doppler to aid the code phase increases
the precision of the pseudorange measurements. However, this
method does not remove the initial bias of the code phase. In
other words, the U-SRR cannot estimate the absolute position
correctly once such an initial bias error exists. It is worth noting
that the proposed U-SRR does not contribute to the correction
of the initial bias, and we manually eliminate the bias with the
APA method in the code tracking loop using a true position as
introduced in Section V.
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(a) Open sky (b) Dense urban
Fig. 10. Color maps of the SR correlation power w.r.t. frequency offset and time
variables of SV24 from the open sky and dense-urban area where the colorful,
red, and grey markers correspond to the traditional frequency offset estimates
(23), frequency offset reference (24) and their difference, respectively.

Fig. 11. CDF curves of the frequency errors summed from all the visible
satellites.

Finally, how the 3D SR correlation power in the code domain
varies with the time is displayed in Fig. 12, where the 2D
correlation projections about the code offset and time are also
illustrated. Again, the SR correlation distribution in the dense-
urban area performs much more erratic and erroneous than in
the open sky.

(a) Open sky (b) Dense urban
Fig. 12. 3D SR correlation power of SV24 in the code domain varying with the
time in the open sky and dense-urban area.

Then, the projected code-time 2D power maps from the 3D
SR correlation are given in Fig. 13. As verified, the proposed U-
SRR baseband successfully achieves code phase estimation free
from fluctuating SR correlation by utilizing SR Doppler aiding.
On the other hand, the code estimates are further improved to
be as accurate as those in the open sky under the condition of
removing the initial code bias.

(a) Open sky (b) Dense urban
Fig. 13. Shading code-time 2D power map of SV24 projected from the 3D SR
correlation in the open sky and dense-urban area. The white markers correspond
to the measured code offset by the proposed U-SRR, i.e., Δ�̂�𝑛𝑆 [�̂�𝑐 ] ≡ 0, while
the red markers represent the reference of the code offset (22).

Finally, we assess the CDF curves of the summed code errors
from the proposed 10-s U-SRR after the initial bias error is
removed. Moreover, it is also compared with the traditional code
discriminating algorithm. The comparative results are plotted
in Fig. 14. As observed, the proposed algorithm has vastly
decreased the code error and significantly raised the estimation
stability.

Fig. 14. CDF curves of the summed code errors in the dense-urban area. “init
cp updated” corresponds to the removal of the initial code bias as introduced in
Section V.

B. SR Doppler in the FRFD

In the proposed U-SRR, the Doppler rate of the incoming
signals can be estimated with the FRFT, and this point is different
from the current commercial GNSS receiver. Thus, in this part,
the traditional NCO frequency and the one compensated by the
Doppler rate estimation, i.e., the proposed NCO frequency, will
be compared to show the superiority of the Doppler estimating
process straightforwardly.

As provided in Fig. 15, if it does not compensate for the
frequency change (i.e., the Doppler rate) over one coherent
processing time, there is an explicit jump at the crossover of
two adjacent S-LCI intervals. The problem can be solved by
transferring the baseband signal (3) to the FRFD through (4).
Finally, the proposed Doppler frequency in the FRFD becomes
more continuous and accurate.
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Fig. 15. Doppler estimation curves in the dense-urban area (Note: the time-
domain NCO frequency curve of the proposed 10-s U-SRR here represents a
mapping of its transformation in the FRFD and its real form in the time domain
(before the digital FRFT) is identical to the curve of “Traditional NCO freq”).

C. SR Doppler and TOA errors

In this section, we investigate the SR TOA and Doppler
estimation accuracy compared to the reference predicted from
the true position and velocity as computed from (19) and (15).

At first, we evaluate the estimates from SV24, which embraces
the worst signal condition among the four available satellites in
the dense-urban area. As for the traditional algorithms, Fig. 16
and Fig. 17 demonstrates that the L5Q signal processing with
20-ms coherent integration performs the best on the Doppler and
TOA accuracy, while the 1-ms L1C/A signal case is the most
robust as it lasts for the most extended stable tracking. However,
all these tested old SDRs cannot work for the whole experiment
time in the SV24 channel due to the violent signal variation.

Fig. 16. Doppler estimation curves of SV24 based on different SDR algorithms
in the dense-urban area. “init cp updated” corresponds to the removal of the
initial code bias as introduced in Section V.

In contrast, the proposed U-SRR maintains excellent perfor-
mances in accuracy and continuity in terms of both Doppler and
TOA results. Moreover, Fig. 17 ((b) and (c)) shows that the 10-
s U-SRR particularly has superior stability and anti-multipath
ability than the 1-s and 5-s cases.

To sum up, the proposed 10-s U-SRR has 100% measurement
availability versus the 20-ms traditional SDR of only 44.7%.

(a) TOA

(b) TOA errors (c) CDF
Fig. 17. TOA estimations, errors, and the corresponding CDF curves of SV24
based on different SDR algorithms in the dense-urban area. “init cp updated”
corresponds to the removal of the initial code bias as introduced in Section V.

Next, the two medium-difficult cases of SV23 and SV18 in
this dense-urban situation are also studied, and their TOA errors
are illustrated in Fig. 18 and Fig. 19. As shown in Fig. 4, the sky
mask indicates that the GNSS antenna received NLOS signals
from these two satellites. According to the resultant curves, the
proposed U-SRR produces less biased TOA and maintains more
stable TOA estimates than the standard SDR outputs. Finally,
the maximum TOA error within a 95% density has reduced by
31.6% and 28.5% for SV23 and SV18, respectively.

Finally, the least challenging case about the LOS satellite
SV10 is assessed where the experiment copes with the Doppler
estimation error. Thus, the curves of the Doppler error estimates
are provided in Fig. 20. The proposed U-SRR estimates much
less noisy Doppler measurements than the traditional SDR.
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Likewise, the maximum frequency error within a 95% density
has been decreased by 61.9%.

(a) TOA errors (b) CDF
Fig. 18. Curves of the TOA errors and the corresponding CDF of SV23 in the
dense-urban area. “init cp updated” corresponds to the removal of the initial
code bias as introduced in Section V.

(a) TOA errors (b) CDF
Fig. 19. Curves of the TOA errors and the corresponding CDF of SV18 in the
dense-urban area. “init cp updated” corresponds to the removal of the initial
code bias as introduced in Section V.

(a) Doppler errors (b) CDF
Fig. 20. Curves of the Doppler errors and the corresponding CDF of SV10 in
the dense-urban area. “init cp updated” corresponds to the removal of the initial
code bias as introduced in Section V.

D. SRP results
According to (15) and (19) to (25), the fitted clock bias and

drift are inevitable to compute the code delay and Doppler
frequency errors. Thus, we assess the clock drift and bias
estimates at the first stage of the experiment.

In the beginning, the positioning errors from different SDRs
are compared in Fig. 21. The traditional CT SDRs suffer severely
in the dense-urban area, and none of them work over the entire
testing time. Then, as expected, the positioning results from the
proposed U-SRR and the positioning solutions (computed by
the SPP engine of the RTKLIB package program) from the L1
C/A pseudoranges of the commercial u-blox F9P receiver (from
the identical satellites) can continuously provide navigational
results. However, the performance of the two results differs

much. The positioning precision (the standard deviation of the
estimates) of the proposed U-SRR is much higher than the
F9P/RTKLIB-based results, while the latter is less biased than
the former. The experimental results are reasonable as this work
focuses on improving the Doppler accuracy (i.e., the positioning
precision) other than removing the initial code bias error.

(a) Positioning errors

(b) CDF
Fig. 21. Comparison of the positioning errors and the corresponding CDF curves
among traditional receivers and the proposed U-SRR. “F9P Pr Mea+RTKLIB
SPP” corresponds to the single point positioning from the RTKLIB package
based on the L1 C/A pseudoranges (from the identical satellites as used in the
proposed U-SRR) produced by F9P.

Next, the initial code bias in the proposed U-SRR need to be
eliminated to make the comparative analysis of the positioning
estimation reasonably, where how to remove the initial code
phase bias has been given by (20). Thus, the positioning
accuracy (RMSE between the estimates and the truth) based on
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the proposed U-SRR excluding the initial bias can be compared
with the commercial receiver in this situation.

In the dense-urban area, Fig. 22 shows the proposed U-SRRs
after the true position updates the initial code bias. Obviously,
the proposed U-SRRs improve the positioning as the S-LCI
interval increases. Therefore, the proposed navigation system
explicitly shows tremendous potential in providing robust,
constant, and high-accuracy navigation solutions in a highly
challenging environment.

(a) Positioning errors

(b) CDF
Fig. 22. Comparison of the positioning errors and the corresponding CDF
curves among traditional receivers and the proposed U-SRR with the initial bias
removal algorithm. “init cp updated” corresponds to the removal of the initial
code bias as introduced in Section V.

Therefore, Table II lists the positioning precision improve-
ments in terms of different SDRs where “init cp updated”

corresponds to the removal of the initial code bias as introduced
in Section V. For example, increasing the S-LCI interval for
the proposed U-SRR gives higher positioning precision. Also,
it proves that the present initial code bias does not reduce its
positioning precision.

TABLE II
Positioning precision (standard deviation of the estimates) results

and improvements.

Receivers E [m] N [m] U [m] 3D [m] Improvement

U-SRR-10s (init cp upd) 2.35 1.66 5.41 5.86 85.9%
U-SRR-5s (init cp upd) 3.79 1.38 9.58 10.17 75.6%
U-SRR-1s (init cp upd) 16.20 3.24 20.80 24.87 40.3%

U-SRR-10s 3.76 2.02 5.44 5.51 86.8%
F9P (L1CA+RTKLIB SPP) 22.97 10.46 33.35 41.69 -

As the proposed U-SRR using the 10-s S-LCI interval
performs best among the tested GPS L5 SDRs, the fitted clock
drift and bias are computed based on the 10-s S-LCI-based SRP
solutions. Fig. 23 illustrates the fitted clock bias curve, which is
also used for the previous S-LCI correlation power, SR Doppler
and TOA error assessments.

Fig. 23. Estimated clock biases from different U-SRRs and the fitted one from
the 10-s U-SRR. “init cp updated” corresponds to the removal of the initial code
bias as introduced in Section V.

One will also be very interested in the positioning discrepancy
between the proposed U-SRR and a mature commercial receiver,
e.g., the u-blox F9P. Hence, the positioning solutions of the
proposed U-SRR with the initial code phase update are shown
in the real-world map view in Fig. 24, where the commercial
F9P real-time kinematic (RTK) solutions are also provided as
intuitive proof of the extraordinary positioning performance of
the proposed U-SRR towards the tested challenging environ-
ments. It must underscore that the F9P receiver cannot output
fixed positioning solutions in this severely contested situation.

Under this circumstance, the proposed 10-s U-SRR using
the SPP exhibits a very close positioning performance as the
F9P. It is also worth mentioning that such advanced results are
solely achieved with four satellites, three of which are NLOS.
The proposed SRP accuracy can be further elevated when more
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satellites, more types of GNSS measurements, more optimized
signal processing, and advanced positioning and navigation
algorithms are used, which will be completed in our future
work.

Fig. 24. Positioning results in the dense-urban area with the proposed U-SRR
SPP and the u-blox F9P RTK (only float solutions can be available) displayed
in the Google Map. “init cp updated” corresponds to the removal of the initial
code bias as introduced in Section V.

VII. Conclusions
We proposed an unassisted super-resolution (SR) software-

defined radio (SDR) using the GPS L5 signals in this work.
First, the SR average Doppler rate and instantaneous Doppler
frequency are estimated using the S-LCI correlations in the
fractional Fourier domain (FRFD). Then, a code phase dead
reckoning (DR) method is proposed to enhance the discriminat-
ing process of code tracking for multipath mitigation. Next, the
L5I channel provides the ephemeris, and the SR pseudoranges
from the L5Q channel are used to compute the high-accuracy
user’s positioning independently. The proposed unassisted SR
receiver (U-SRR) has been experimented and validated in
the real-world dense-urban area, and it has shown excellent
performances as follows:

1) In comparison with the traditional 20-ms coherent track-
ing, the availability of the measurement from the NLOS
satellite has been increased from 44.7% to 100%;

2) Both maximum TOA and Doppler frequency errors have
been efficiently reduced compared to the traditional
tracking algorithms, and the SPP precision has risen by
86.8% when it is compared with the L1 C/A pseudorange
measurements produced by the commercial F9P receiver;

3) The single-frequency/constellation SPP based on the
proposed U-SRR on the condition that the initial code
bias is removed achieved a similar positioning accuracy
to the u-blox F9P RTK results in the tested extremely
dense-urban canyon.

Lastly, we must indicate the limitations this work undertakes,
that a very high-quality clock, OCXO, is employed in this
paper. Therefore, the clock error instability will cause a notable
concern in the practical application. Besides, in its current form,
the proposed architecture cannot adapt to kinematic navigation.
In addition, the accurate initial/absolute code phase estimation

should be addressed to enable its on-the-fly application. These
issues will be worked on in the future.
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